The first and second laws of black hole thermodynamics are verified to emerge from a generic semiclassical theory of gravity for which a Hamiltonian can be defined. The first law is established for stationary spacetimes, and the second law is established in the here defined "piecewise stationary" spacetimes. Black hole entropy is defined in the Noether charge approach, and the entropy for the matter in its exterior is the von Neumann entropy of the quantum fields. These results strongly support the view of black hole entropy as an account of the information that is hidden behind the horizon.
I. INTRODUCTION
Since Hawking's discovery that black holes emit thermal radiation, and are consequently assigned with a nonzero temperature, the interplay between black hole and thermodynamics gained physical relevance. Because laws of ordinary thermodynamics are presently derived from more basic laws of nature, it is natural to seek a similar derivation for the laws of black hole thermodynamics.
A possible starting point for deriving the the laws of ordinary thermodynamics is Shannon's entropy. It is a functional of a probability density function (PDF), assigning a real positive number that measures the "amount of ignorance" about a system. This notion is known to coincide with Boltzmann's in the case the PDF measures the probability density of an ensemble of particles in phase space under certain conditions, and not necessarily appeals to the accessible volume of the phase space that appears in the Boltzmann's original formula. Counting the number of "degrees of freedom" does not seem promising in case of black holes, but accounting for the information that is fundamentally inaccessible for observers outside of the black hole seems a natural candidate for it. Since the 1980's [1] this view is being considered in the literature. If this notion is shown to be correct, our understanding of black hole thermodynamics is elevated to the same status of our understanding of the ordinary thermodynamics.
Here we undertake the reverse task of deriving the laws of black hole thermodynamics from the information perspective and from their derivation interpreting the meaning of black hole's entropy. This work begins by extending the validity of the first law in terms of the Noether charge from a classical theory to a semiclassical version under certain hypothesis. Then we prove the generalized second law of thermodynamics (GSL) under a controlled set of assumptions and also using the Noether charge approach. The zeroth law is unchanged moving from a classical theory to a semiclassical theory with a bifurcate Killing horizon (see appendix A for a proof). The results * arderucio@alumni.ubc.ca endorse the interpretation of black hole's entropy from the information perspective.
II. HAMILTONIAN FORMALISM FOR SEMICLASSICAL GRAVITY IN STATIONARY SPACETIMES AND THE FIRST LAW
The set-up is a semiclassical theory (M, g, ψ, ρ) for (bosonic) matter fields ψ that are quantized in a state ρ, in the background metric g over the manifold M , which is treated classically. Spacetime is supposed stationary.
Varying the classical action I 0 = L(g, ψ, ∇g, ∇ψ, . . .) of the theory, we construct the symplectic current j and potential Θ associated to a Killing field χ a in the standard way [2, 3] as described in the appendix B and write them as a sum j = j g +j ψ , where the first term represents the source-free contribution of the metric alone. And a similar sum for the symplectic potential.
Remarkably, the current j ψ χ and pre-symplectic form ω ψ χ constructed from the symplectic potential Θ ψ as in (B2) and (B3) both remain closed if we require the field equations to hold and £ χ g = 0. Indeed, writing the Lagrangian L as the vacuum part L g and the matter part L ψ , a variation of the Lagrangian can be written as in (B1)
for some form R. Here E g · δg = 0 would represent the equations of gravity in absence of matter and (E g + R) · δg = 0 the full equations of gravity. Then we have, instead of (B6) and (B7)
respectively, from which the closure property of j ψ χ and ω ψ χ follows. Thus, as explained in appendix B, when χ a is a Killing field, we can identify ω ψ χ as the variation of any Hamiltonian, under an independent variation in the matter fields ψ, that give rise to the canonical equations for the matter fields.
If one wishes to quantize the fields ψ, the algebra of operators in the Heisenberg picture formally satisfy formulae
as in (B5), which are equivalent to Hamilton's equations. Variations δ of operators are understood as "derivatives" like in their classical counterparts. The formal relations
obeyed by the operators {(p i , q i )} i associated with a symplectic coordinate system ensure that Heisenberg's equations of motion are equivalent to the operator-valued Hamilton's equations at any given time.
For the semiclassical theory, to define the Hamiltonian whose flow is generated by χ a , we preserve the format of j ψ χ and Θ ψ as functions of the fields to be evaluated on the field operators and then take their regularized expectation values j ψ χ and Θ ψ respectively. So if there is a Hamiltonian, it obeys
In other words, the requiring that the semiclassical theory is Hamiltonian and obeys (1) is coupling of gravity with expectation values of the fields as if they were classical objects, together with the requirement of the matter field operators satisfy their Hamilton equations under their expectation values.
Note that imposing the equations of motion for this semiclassical theory (M, g, ψ, ρ) when it exists, unlike usual quantum field theory in a fixed background, produces a self-consistent theory. Kinematic properties of the Killing horizon like the zeroth law of black hole thermodynamics, i.e. the constancy of the surface gravity throughout h ± are automatically true (see appendix A).
We justify calling the Hamiltonian (1) semiclassical since for General Relativity it is the same as the Hamiltonian generated by the dynamics of G ab = 8π T ab , the usual semiclassical Einstein's equations using the ADM formalism. An example of such a theory is given in appendix B.
So far we have not used the fact that χ a generates an isometry for the semiclassical theory. For the metric, it is straightforward to impose £ χ g = 0 in the Hamiltonian as in (B5). For the ψ degrees of freedom, we can construct a tetrad with χ a and three vectors orthogonal to it. We need to require that the contraction of the tensor quantities that couple to the metric with all vectors of this tetrad are Lie dragged along the orbits of χ a . Let F 1 These relations can be verified when f is a power of its argument by induction, and subsequently generalized for other functions by making use of the density property of polynomials over the set of continuous functions.
denote one of these contractions under the expectation value, then we require
which is realized when ω χ = 0, meaning that in a wedge bounded by the bifurcate horizon
where we have made use of the fact j g = dQ g not because E g ·δg = 0 (we cannot impose the equations of motion for the vacuum), but because £ χ g = 0, so j g remains closed (as in (B6)).
We now integrate (2) over a spacelike surface C bounded by the bifurcation surface B = H ∩ C and a surface at the asymptotically flat region, denoted by ∞. We convert the integral of the • ψ quantities into a boundary term using Stokes' theorem, the last term on the right hand side of (2) vanishes, since χ = 0 on B. The result is
where the left-hand side denotes the (regularized) expectation value of the matter fields Hamiltonian. For a black hole with constant surface gravity, the first term in the right hand side of (3) is simply the variation of Noether charge entropy S NC multiplied by −κ/2π [2, 3] , and the second is the variation of the canonical quantity E χ conjugated to the Killing parameter of χ, i.e., the corresponding ADM conserved quantity ("conserved" in the sense of not depending on the choice of the integration three-surface). Thus,
In some applications it is useful to understand expectation value of variations of operators, say δH χ in the Schödinger picture instead of Heisenberg's. This is always possible, since the transformation that maps an operator O on a Hilbert space to another operator O + δO is unitary for Hamiltonian flows, meaning there is an unitary operator U so that O + δO = U OU † . In Schrödinger picture, we then keep the operators unchanged and produce the same expectation value δO by transforming the state by acting the operator U † on it.
Adopting this picture, we investigate the case where the unperturbed state defined over the right wedge is given by
where H χ is the Hamiltonian operator with respect to the "time translation" defined by χ a , and 1/Z is a normalization factor. Strictly speaking, this density matrix is only defined when the spectrum of H χ is discrete, so that Z = Tr e −2πHχ/κ is a finite quantity, and this problem is normally bypassed by confining the field in a box with certain boundary conditions. This is not a problem of fundamental physical significance, and thermal states can be defined precisely through the Kubo-Martin-Schwinger condition [4] .
The difference between von Neumann entropies associated with the states ρ 0 and ρ 0 + δρ is given by
where we used that fact that normalization of both ρ 0 and ρ 0 + δρ implies Tr δρ = 0 and used (5) in the last step.
Combining (6) and (4) we get a statement of the first law:
III. GENERALIZED SECOND LAW
Differently from last section, results concerning the GSL have to be established in non-stationary spacetimes, where the notion of black hole entropy as Noether charge is not so solidly established. For stationary black holes, classical fields and stationary perturbations, it has been shown [5] that the integral of the Noether charge does not depend on the integration surface, in particular does not need to be evaluated at the bifurcation surface. It is a local geometrical object and all the dependence on the Killing vector tangent to the horizon can be eliminated on the bifurcation surface, since χ a = 0, its derivative is written in terms of the volume form (A4), and any higher derivatives can be eliminated by applying successively the Killing identity ∇ c ∇ a χ b = −R abcd χ d . For non-stationary black holes on the other hand, or even for stationary black holes but non-stationary perturbations, these properties are lost.
Iyer and Wald [3] listed the following desirable conditions the entropy of dynamical black holes ought to satisfy: (i ) coincides with the Noether charge entropy in any cross section for stationary black holes, (ii ) its first variation evaluated on the bifurcation surface obeys a version of the first law of black hole mechanics, (iii ) is invariant by altering the Lagrangian by adding an exact form, and (iv ) obey a version of the second law of the black hole mechanics.
They proposed a definition satisfying the first three conditions, but not the fourth. The proposal here obeys (i), (ii) and (iv) corrected for effects of semiclassical origin, but fails to obey (iii). Relaxing condition (iii) is not problematic, since although theories with identical dynamical contents can generate different entropies, there are arguments coming from the path integral approach to quantum gravity [6, 7] , that the boundary terms on the Lagrangian can be physically meaningful for a future theory. We comment about a common choice of boundary term in the action of General Relativity in appendix B.
We consider the semiclassical theory (M, g, ψ, ρ) consisting of a "piecewise stationary" spacetime (M, g) and consistent matter fields obeying the semiclassical equations E = 0 2 . By "piecewise stationarity" we mean obeying the following three properties.
• is future-predictable and asymptotically flat,
• there are two Cauchy surfaces S 1 and
) of which S 1,2 are Cauchy surfaces.
From the second hypothesis, M 1,2 are also asymptotically flat; the Killing field that is asymptotically timelike on (M 1 , g 1 ), ξ a 1 defines an asymptotically timelike field ξ a on (M, g) whose restriction on S 1 is given by ϕ
Intuitively speaking, the second and third of these conditions require the spacetime to behave like a stationary one up until a surface then behave dynamically up until a second surface, when it becomes stationary again.
Suppose there is a black hole on M , M 1 , and M 2 and we let χ a ∈ X (M ) denote a field that coincides with the image of the Killing field of (M 1 , g 1 ) that generates the horizon of the black hole in M 1 3 . χ a then generates the horizon of M , and therefore is future inextendible and entirely contained in the event horizon [8] . Thus, χ a also coincides with the image of a generator of the horizon of the stationary black hole on M 2 .
For a system with negative heat capacity as a black hole can only be in a "stable thermal equilibrium" with an extensive system when the latter has its energy bounded, so that if the extensive system gains (loses) energy to the black hole, its temperature increases (decreases) faster than the black hole's [9] . Thus, in order to make the hypothesis of piecewise stationarity attainable, we confine the fields ψ in a "box" on whose walls we impose as a boundary condition that any component of j ψ χ orthogonal to them must vanish. The box is any spatially bounded region that extends beyond the black hole (its wall are entirely outside of h ± ), to the past of S 1 and to the future of S 2 ( see FIG. 1 ).
We further assume that all the disturbance responsible for the breakdown of stationarity comes from localized changes in the states of the fields within the box.
FIG. 1. Geometry that leads to (7)
. The dashed line representsḊ + (box), the shaded areas represent the regions of M that are isometric to stationary spacetimes.
The initial data of the field modes φ ≡ (g, ψ) in S 1,2 is identified with the pullback of modes ϕ * 1,2 φ on S 1,2 , and the quantization on M 1,2 process is carried out using these modes naturally identified. If the semiclassical equations of motion hold on the entirety of the spacetime,
meaning that the integral of ω χ over the a closed threesurface is zero. We choose this surface to be the union of the portions C 1 and C 2 of S 1 and S 2 lying outside the black hole, the intervening portion h of the event horizon, and a timelike surface T outside the future domain of dependence of the box in which the fields are confined, so that it does not contribute to the integral of exact forms for causal theories 4 . The integral becomes
Equation (2) is applicable on the integrals over C 1,2 , since they can be carried over the corresponding surfaces on M 1,2 . Thus,
We can evaluate these two integrals on the right hand side on the stationary spacetimes (M 1,2 , g 1,2 ). The term proportional to B vanishes as long as (M 1,2 , g 1,2 ) have a bifurcation surface 5 . We can split B = B g + B ψ in an entirely analogous way as in last section. Adding
to the right hand side of (8), we get
where ∆ denotes the difference in a quantity caused by the change in the integration surface from a domain in S 1 to its corresponding domain in S 2 , i.e., a change "in time". It is well known [2, 3, 5] that the decomposition in the Noether charge is not unique, but carries ambiguities coming from three different sources, namely the addition of an exact form in the Lagrangian, that does not alter the classical dynamical content of the theory, but as argued above is believed to be important in the quantum theory; the addition of an exact form in the Noether charge itself, that does not contribute for its integral, so it is immaterial both classically and quantum mechanically; and finally the addition of an exact form in the current j = j + dY, whose presence is entirely expected, since imposition of (1) is imposing only the equations of motion, for which the absolute value of the Hamiltonian is not as important as its variations. We can physically interpret this last ambiguity as the addition of a "second conserved current" that obeys a separate continuity equation, and therefore is completely independent of the conservation of Q. This ambiguity is also present on the definition of the expectation value of the Hamiltonian of the quantum fields and is expected, since no renormalization procedure has been specified. If such procedure uniquely defines H χ , a prescription for determining Y will follow from it. For this reason, after fixing Y and the boundary term in the action, we can define
uniquely in the semiclassical theory. Nevertheless, as it will be clear below, a "generalized second law" holds for each choice of Y.
In the density matrix approach, each expectation value of H χ can be written as Tr(ρ 1,2 H χ ), where ρ 1,2 is obtained by taking the partial trace over degrees of freedom lying in S 1,2 − C 1,2 . The partial trace is a linear positive map between operators defined on their respective spaces, so the relative entropy between two states ρ and σ S(ρ|σ) ≡ Tr(ρ log ρ) − Tr(ρ log σ) obeys [10] S(ρ red |σ red ) ≤ S(ρ|σ),
where the suffix "red" denotes the reduced density matrix obtained after the partial trace. Let σ 0 be the "vacuum" state as annihilated by the annihilation operators corresponding to the eigenmodes φ ξ of the £ ξ in I − (S 1 ), and σ 1 obtained from σ 0 by tracing out degrees of freedom lying in S 1 − C 1 . All the observables locally constructed on J − (S 1 ) can be calculated via J − (S 1 ), where ξ a 1 is a globally defined timelike Killing field. So the modes ψ ξ diagonalize the Hamiltonian H ξ and consequently σ 1 is described as a Gibbs state associated with H χ and temperature κ 1 /2π, exp(−2πH χ /κ 1 )/Z 1 (see appendix A).
The evolution of σ 0 in M is supposed to be Hamiltonian, then modes evolve along the orbits of ξ a according to σ 0 → U † σ 0 U , with U = exp(iH ξ t), where t is the Killing parameter of ξ a . In I + (S 2 ), U = exp(iωt) for some constantω. The density matrix σ 2 is obtained after tracing out the degrees of freedom lying on S 2 − C 2 of σ 0 . From the same reasoning above, σ 2 viewed from M 2 is a Gibbs state associated with the Hamiltonian H χ and temperature κ 2 /2π.
If ρ 1,2 is the physical (mixed) state on the algebras defined over C 1,2 , a simple evaluation shows
and as we know from standard techniques
Combining (10), (11) , (12) , and (9), after identification of the variations represented by δ as the difference between self-consistent solutions compatible with ρ and σ, we obtain
where we defined S NC 1,2 = 2π κ1,2
, only evaluated in the regions where the spacetime is stationary, i.e., where the all the previous discussions apply.
If one can show that the GSL is true for the state σ 0 then it follows from (13) that it is true for any state described as a linear perturbation around it. To prove GSL for σ 0 , more precisely, that σ 0 saturates the inequality, we apply the same reasoning that led to (7), changing the integrand to j χ − d(χ · B), so we can rewrite (9) dropping the variations δ. Since the variation ∆S vN of the entropy of the matter field is a function of state, it is the same as in any process that share the same initial and final states for the matter, including one passing through infinitely many equilibrium states with temperature T varying between κ 1 /2π and κ 2 /2π in an ensamble where macrostates are distinguishable by the the expectation value of the Hamiltonian H χ . A direct integration of
/T gives ∆S vN = −∆S NC . Putting this equality and (13) together we have the GSL
where the equality holds for the "equilibrium state" σ 0 . Depending on the renormalization scheme, all quantities are finite, but it is possible for the variations ∆ to be finite even though the quantities being varied are themselves divergent, since one does not expect that the ultraviolet behavior (the one responsible for such divergences) plays an important role in these effects of semiclassical origin.
The use of the monotonicity of the relative entropy as in (10) has been used before by Sorkin [11] and Wall [12] to argue in favor of the GSL, albeit not as rigorously applied to non-stationary spacetimes. Our semiclassical Noether charge approach has the following advantages. First, it is possible to generalize to other geometrical diffeomorphism-invariant theories of gravity. Second and most importantly, it avoids the assumption that all the change in the horizon's area of a dynamical black hole as one moves to the future is caused by the expansion of the existing geodesic congruences generating the horizon, when it is not clear whether or not the emergence of new horizon generators dominates this change in area. This makes our proof distinct of any existing attempts.
IV. DISCUSSION
We derived from a semiclassical theory of gravity explicit forms of the first two laws of black hole thermodynamics. The meaning of each of their ingredients was made clearer than ever before, since we kept a controlled set of assumptions. In particular the meaning of the entropy that enters these laws: it is indeed the von Neumann entropy associated with the state restricted to the outside of black holes, as it has been assumed in the literature since the 1970's [9] . A possible criticism is the assumption of existence of consistent semiclassical theories (M, g, ψ, ρ) and the consequent enormous difficulties in applying our results to particular cases, since even approximate back reaction effects are already challenging to calculate.
The form of expressing the first law of thermodynamics in the presence of a semiclassical, stationary black hole allows the existence of processes that convert ordinary entropy from the exterior of the black hole to its Noether Charge. An obvious example of such a process is the evaporation of black holes, as it emits thermal radiation and loses mass, its Noether-charge entropy decreases while the von Neumann entropy of the radiating fields increases. A crucial hypothesis in deriving (6) was that ρ 0 is thermal with respect to the Killing parameter, but a similar situation already happens in the ordinary first law of thermodynamics, when one expresses heat exchanged to or off the system in terms of its temperature, which is only defined in very special cases. In this sense, equation (4) can be thought as the first law of thermodynamics written in terms of the heat exchanged rather than in terms of variations in entropy, and remains valid for all physically meaningful states.
The assumption of "piecewise stationarity" plays the role of the quasi-steady assumption in the ordinary second law of thermodynamics. In ordinary thermodynamics transitions between different thermodynamic states are thought to be approximated by a succession of equilibrium states. The thermodynamic notion of entropy defined in terms of the amount of heat exchanged is only defined under these conditions, similarly to the notion of the black hole entropy as Noether charge.
A version of the third law also seems to survive in known thought experiments in the semiclassical black hole physics framework. This topic is under current investigation.
The emergence of the laws from the rules of semiclassical gravity points towards the interpretation of black hole's entropy. Particularly the fact that the GSL (14) is in fact saturated when the state of the matter is in equilibrium strongly supports the origin of black hole entropy being the amount of information inaccessible to its exterior apart from a constant.
All discussion here was based on changes of entropy. It is possible to speculate that the specification of the absolute value of entropy in terms of the Noether charge will only be possible after something further about quantum gravity is learned. That would mirror the ordinary thermodynamics, since Boltzmann entropy was defined only up to an additive constant before the introduction of the Sommerfeld quantization rule (and consequently the appearance of the quantum mechanical constant in his formula). Until this happens, we can apply and interpret the macroscopic laws of black hole thermodynamics in the semiclassical level as we developed here.
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Appendix A: Geometry of Killing horizons and the zeroth law
In this appendix we review the basic notions of Killing horizons and its properties and states therein.
Let (M, g) be a spacetime with a globally defined Killing field χ a that vanishes in a 2-surface B, and whose derivatives across B are nonzero. Then there are a couple of 3-surfaces h + and h − with h + ∩ h − = B where χ a is null. In this situation B is referred as the bifurcation surface and h ± the bifurcate horizon [13] . Since g(χ, χ) is constant along the bifurcate Killing horizon, we must have
for a function κ, referred as surface gravity. Following [13, 14] , we taking the Lie derivative along χ a of both sides of (A1), using the identity ∇ a ∇ b χ c = −R bcad χ d valid for any Killing field, and the skew-symmetry properties of the curvature tensor, it follows that £ χ κ = 0, meaning that the value of κ is constant along the orbits of χ a . It also follows that
which can be contracted at each point with a null vector a defined such that χ a a = −1 to obtain
Eq. (A2) can multiplied by c and antisymmetrized to obtain
where is the volume form on B, and the antisymmetry between b and c on the left hand side is guaranteed by the Killing equation already, so the brackets can be removed. If one completes the ( , χ) basis to obtain a Newman-Penrose basis and expresses the inverse metric in terms of direct products of this vector basis, and using the definition of κ,
The above are standard results for Killing horizons [13, 14] . The imply a version of the zeroth law of black hole mechanics as follows:
The square of (A4) gives −2κ
. Taking a derivative of this along a direction t a tangent to h ± and orthogonal to χ a ,
where the Killing identity and the symmetry properties of the curvature tensor were used. For a bifurcate horizon, this means t a ∇ a κ = 0. This means that κ is not only constant both along the generators of the horizon, but also across different generators, this result is a version of the zeroth law of black hole mechanics. This version, differently from the version in [15] , does not depend on any assumption regarding the dynamics of the theory as long as it is described by a Killing horizon with κ = 0.
We now provide a simple adaptation of arguments originally presented in [16] to exhibit a sufficient condition for the existence of a thermal state, as we assumed in the main text. A stronger and more general result using different methods can be found in [4] .
We introduce the coordinates (u, , x α ) where χ = ∂/∂u, = ∂/∂ with = 0 at h ± and x α are the remaining coordinates.
In these coordinates, with the abbreviations F = −χ a χ a and g uα = χ a (∂/∂x α ) a the metric can be written as
where none of the metric coefficients depend on u, since it is the Killing parameter. Thus, only keeping terms up to the first order in and using
near the horizon where F = 0,
The change of coordinates from (u, ) to (t, r) with t ≡ u + F −1 d and r = 2 /κ brings the line element to the form
whose (t, r) section is identical to the Minkowski spacetime's in Rindler coordinates.
If besides χ a we suppose (M, g) admits a globally defined timelike Killing field ξ a , the restriction of the vacuum state associated with ξ a to a spacetime wedge like
will be a thermal state with respect to the Hamiltonian conjugate to the orbits of χ a , since to evaluate the density matrix obtained by such a restriction it is enough to know the value of the fields at the bifurcated horizon, following the same steps as in [16] .
Appendix B: Hamiltonian formalism and the Noether charge in classical theory
This appendix summarizes the findings from [3] that are relevant in the main text. Starting from the variational principle for a classical diffeomorphism covariant theory, taking the variation of the action, I 0 = M L, where L is the Lagrangian n-form, function of the fields φ (including the metric) and their derivatives, where n is the dimension of the spacetime, the variation of the Lagrangian can be generally expressed as
so that the equations of motion are E · δφ = 0. From Θ, we define a closed and antisymmetric (n − 1)-form ω by
and the particular useful case
This form is degenerate, but if one follows the prescription of section II of [17] , it is possible to define a phase space P of the theory by setting an appropriate quotient of F so that P is automatically equipped with a symplectic form ω AB induced by ω which admits an inverse.
Here we use the abstract index notation with capital letters to represent tensor arguments of X (P), and with lower case symbols for arguments in X (M ).
Defining
where C is an achronal three-surface, the corresponding Hamiltonian conjugate to the parameter of a field vector χ a must satisfy
so that the equations of motion for ϕ ∈ P are
the usual canonical equations [18] . Indeed, if ϕ satisfies the equations of motion, dω χ = 0 meaning that Ω χ is independent of the choice of the compact integration surface C 6 , so £ τ Ω χ = 0, where τ A = (£ χ ϕ) A represents the "time evolution" in P. For simply connected P this implies there exists a H χ such that (dH χ ) A = (Ω χ ) AB τ B , on which we can apply the inverse symplectic form to obtain the canonical equations
is closed whenever the equations of motion (both on the matter fields and on the metric) are satisfied, more explicitly
For a simply connected domain of j, as it will be the case for a spacetime wedge bounded by a bifurcated Killing horizon like I + (h − ) ∩ I − (h + ) this means that j is also exact, j = dQ. Taking a variation of j and using the covariant property of Θ, we relate j χ and ω χ :
We can transform δH χ for solutions into a pure boundary term using (B7) and (B5) and applying Stokes' theorem.
In order to H χ be defined, assume the necessary and sufficient condition that there exists a (n − 1)-form B such that
Using (B5-B7) whenever the equations of motion are obeyed,
This Hamiltonian (B9) is only defined up to a constant, since the equations of motion only impose requirements over its variation, not on its absolute value.
When the ∂Σ is taken to be a two-surface on infinity, its value is E χ , the ADM conserved quantity associated with χ a . Its depends naturally on the field χ a . For example, if we take Minkowski spacetime and χ a the boost Killing field, the state (5) are the canonical ADM energy and angular momentum [2, 3] .
The above is the method originally argued by Wald in [2] to derive the classical first law of black hole mechanics and to argue that the Noether charge is proportional to black hole's entropy. The definition of this reference was found [5] to have the ambiguities discussed in the main text, one of which we deal as follows:
If such a form B as above exists, then instead of I 0 , we adopt the action
which generates the same equations of motion as I 0 , and has the advantage that I, and not I 0 is extremized when we keep the boundary of spacetime fixed, which is of great importance in approaches to quantum gravity, and crucial for the so-called Euclidean methods to compute gravitational entropy. In general relativity, i.e., when L is the Einstein-Hilbert Lagrangian, B on the boundary is proportional to the trace of the extrinsic curvature of ∂M times the induced volume form, up to a constant (see, for example, the appendix E of [13] for a proof). The common choice, referred as the Hawking-GibbonsYork term in the action, is choosing this constant to be minus the value of the trace of the extrinsic curvature if the boundary is embedded in flat space, a procedure that is well defined for asymptotically flat spacetimes [7] .
In the main text we consider only bosonic matter fields ψ to avoid introducing additional structures like spinors, and we write the Lagrangian, the symplectic potential, current, and charge as a sum of terms independent of the matter fields, which we denote with a superscript g over the symbol; and terms that depend on them, for which we use the superscript ψ. For example, for a massless scalar field minimally coupled to gravity in general relativity, one has
where R is the scalar curvature and is the volume element on the spacetime. For this Lagrangian we obtain applying the variations δ as the Lie derivative £ χ , 
which is in the familiar form for the Hamiltonian derived from the field equations written in terms of the induced metric h ab and its canonically conjugate momenta p ab .
